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If a signal is not periodic, it is expand with
FOURIER TRANSFORM
| fwlae<»  i.e.; absolutely summable

Fourier transform or Fourier integral of a signal

f(t)

+ o

Flw) = J f(t)e Jotdg

— o0
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The inverse Fourier transform is defined as,

f(t) = — j F(w)e“tdw

Mathematical notation of the Fourier transform
and the inverse Fourier transform is,

F{f(©)} = F(w) FYF(w)} = f(t)

Generally, the Fourier transform Is complex.
Therefore, it represents a sum of real and
Imaginary parts.

F(w) = Re{F(w)} +jIm{F(w)} = |F(w)|ei®
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Special Forms of the Fourier Transform

If the signal f(t) is complex, then it can
expressed as a sum of the real and imaginary
parts of f(t).

f(t) = fge (U) + jfim (U
With substituting above equation in Fourier
Integral, we obtain

+ oo +oo

Flw) = j fr. (e iwtdt +j j fi, (D)e 1otdt

— Qo — o0

From Euler’s identity
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+co +co

Flw) = j [fre(t) cos wt + fi, (T)sin wt]dt +j j [fpe(t) sinwt — fj, (t)cos wt]dt

—Tr —_

The real and imaginary parts of F(w) are,

+oa

Fp.(w) = j [fre(t) coswt + fi, (t)sin wt]dt

+oo

Fip, (w) = — j [fre(T) sinwt — fi, (t)cos wt]dt

Similarly, the inverse Fourier transform is denoted
by

+ oo
1 .
(0 =5 | [Fre(w) + jFim (@)]edt
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From Euler’s identity again

-+ o -+ oo
J [Fg. (w)coswt — F, (w)sin wt]dt + 2]—][ J [Fr. (@)sinwt + F,,, (w)cos wt]dt

—o —o0

The real and Imaginary parts of the Inverse
Fourier transform are

1

f(t) = .

t+oo

1
fre () = P j [Fre(w)coswt — F, (w)sin wt]dt

+ oo

i, (0) = 2]—11_ j [Fpe(w)sinwt + F, (w)cos wt]dt
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Real time functions; if f(t) is real, that Is

+coo

Fpo(w) = j fr.(t) coswtdt

— o
+oo

Fi, (w) = — j fro(t)sinwtdt

F(w) Is complex.
If fre(t) IS even, that IS fre(-1)= fre(t)

Fp.(w) = EJ fre(t) coswtdt

+i . fr.(t) = even

F, (w) =— J fro(D)sinwtdt =0

T J
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Finally, if f(t) is real and even, F(w) Is also real
and even.

f fre(t) is odd, that is -fre(-t)= fre()

Fr.(w) = j fr.(t)coswtdt =0
I » fpo(t) = odd

+oo

F, (w) = —2[ fr.(t) sinwtdt

Finally, if f(t) is real and odd, F(w) is imaginary
and odd.
Imaginary time functions; if f(t) is imaginary,

+oo

Fp.(w) = J fi, (T) sinwt dt

— o
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+oo

Fip, (w) = j fi, (t) cos wtdt
F(w) Is complex.
If fim(t) is even, that is fim(-t)= fim(t)

oo \
Fp.(w) = j fi, (t) sinwtdt =0

— .'_":,::.

+eo ¢ fi, () = even

Fip, (W) = 2] fi, (t) coswtdt
0 A

Finally, if f(t) is imaginary and even, F(w) Is
also Is imaginary and even.
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If fim(t) is 0dd, that is ~fim(-t)= fim(t)

+oo +oo y
Fp.(w) = j fi, (1) sinwtdt = ZJ fi, (T) sin wt dt
“ta . 0 . fi,(t) = odd

Fi,(w) = j fi, (D) coswtdt =0
et J

Finally, if f(t) iIs imaginary and odd, F(w) Is real
and odd.

F(—w) = F'(w) f(t)=Real
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Time and Frequency Domain Relationship

£(t)

F(w)

Real

Imaginary

Complex

Even

Odd

Real

v

Real and Even v

Real and Odd

Imaginary

Imaginary and
Even

Imaginary and
Odd v
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Properties of the Fourier Transform

Linearity; If Fi(w) is the Fourier transform of fi(t), If
F2(w) Is the Fourier transform of f2(t), and so on, the
linearity of the Fourier transform shows that

a;f;(t) +af>(t) + -+ a,f,(t) = a;F;(w) + a;FK(w) + -+ a,F, (w)

Symmetry; If F(w) is the Fourier transform of f(t), the
symmetry of the Fourier transform shows that

F(t) < 2nf(—w)
Time Scaling; If F(w) is the Fourier transform of f(t)
and ‘a’ iIs real constant, then

f(at) < E:l'F (g)
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Time Shifting; If F(w) Is the Fourier transform
of f(t), then

f(t — ty) = F(w)e i®to

Frequency Shifting; If F(w) Is the Fourier
transform of f(t), then

el®otf(t) = F(w—wyp)

1 W—my
F

El ( a )

Flw—wp) + Flw+wg)

2

elwolf(at) =

f(t)coswyt =

Flw—wy) — Flw+wg)

f(t)sinwyt = %
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Time Differentiation; If F(w) Is the Fourier
transform of f(t)

d"f(t)
den

= (jw)"F(w)

Frequency Differentiation; If F(w) Is the
Fourier transform of f(t)

d"F(w)

O = ——

Time Integration; If F(w) Is the Fourier
transform of f(t) t

j f(r)dr = % + F(0) 8 (w)

— o0

DEU, Electrical and Electronics Eng. 6.04.2010



Conjugate Time and Frequency Functions; If F(w) Is
the Fourier transform of complex function f(t)

f*(t) = F'(—w)
Time Convolution; If Fi(w) is the Fourier transform of

f1(t), If F2(w) is the Fourier transform of f2(t)
f;(t) = f,(t) © F (w) ' K (w)

Freguency Convolution; If Fi(w) Is the Fourier
transform of fi(t), If F2(w) is the Fourier transform of f2(t),

1
then fl (t:] . fz(t:] " EFl (mj « F5 ({L‘lj

Area Under f(t); If F(w) Is the Fourier transform of

complex function f(t) b0 - j“ -
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Area Under F(w); If F(w) Is the Fourier
transform of complex function f(t)

1
f(0) =5 JF(_m)dm

Parseval’s Theorem; If F(w) Is the Fourier
transform of complex function f(t), the Parseval’s
relationship is denoted by

2 _i J 2
j f©2dt =~ [ [F(w)[2d
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Fourier Transform of Special Functions

Delta Function; 8(H) =1

Lﬂf)’\ F((,))/

N S(1) —

>~

{ 0 ®

0

S(t—t,) = e i@t

Constant Function;

A= 2AT6(w)
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el = 28 (w—wg)

Ine Function;

1 . )
CoOSw,t = > (elwot + e71®0t) & & (w—wp) + WS (w + wy)
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D

It Step Function;

up(t) = mé(w) + ]im
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F, (®) <
Fgp(®)
-

e T@oly, (1) = 2mé(w—wy) +

-

siwoty, () FUNCtiON;

J(w—wgp)
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cos(w,tuy(t) Function;

1
. ST
2j(w—wp)  2j(w+wp)
J
o2 —w?

cos(w,tuy(t) = ;[Sf_m—mu) + 8(w + wp)] +

= ; [6(w—wy) + 8(w + wy)] +

sin(w,Ouy(t) FUnction :

2

sin(w,Duy(t) = E [8(w—wp) + 8(w + wp)] + ———
2j Wo*—w
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sian)
wT

F(w) = 2ATe 10T (
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.wT wTy /sinwT
Flw) = 4ATE_1T::HS( )( )

2 wT
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sin(w—wg)T sin(w+wy)T
@—0g)T | (wtwg)T

Flw) = AT
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2nC,
2nC_,; 2nC,;

L]

©®y 20, 3 ®,

2nC,
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nT)

> O
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FT. 7. Use the Fourier transform method to
compute the response g(t) when the input f(t) Is
as shown below.

3T ‘f(r) = :[”6'([)_”9(1'—5’)]
b near T ' , , =2t i
(1) Lﬁ)(.u}. (1) \ hit) = 3e 3
b Circuit | ©° " _ \ |
—— > r ' r
(a) 0 ®) 0 1

g(t) = 1.5{(1 — e *)uy(t) — [1 — e 2 ]uy(t — 3)}
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FT. 8. For the curcuit in below, use the Fourier
transform method, and the system function H(w)
to compute vi(t). Assume that i(0-).

R
—_/\\/\/\/\ R
Q@ |7 —— AV
(+) g vi(h) | 4@ |7
= - > HE’ / + g V(o) = V(o)
Vinll) = - G = . =
-3t V.r';z((')) SR =
v, (1) = 5e " uy(t)

v (t) = 5(3e73t — 2e 2Dy, (1)
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FT. 9. For the linear network given below, the
Input-output relationship is

Avy,e (T
[::;1:( j_l_ 4v, (1) = 10v;, (1)

Use the Fourier transform method, and the

system function H(w) to compute the output
Vout(t).

Linear i

1 ,([) = : ]./‘,‘j.‘([) \ ‘.?'7?({) = Je
i Circuit | " \

0
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FT. 10. The voltage across an 1 Q resistor Is
known to be

vg(t) = 3e ?tu, (t)

Compute the energy dissipated in this resistor for
O<t< =, and verify the result by application of
Parseval’s theorem.
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